We investigate the inflationary universe in a theory where two scalar fields non-minimally coupling to the scalar curvature and an extra R 2 term exist and the conformal invariance is broken. In particular, the slow-roll inflation is explored for the case that one scalar field is dynamical and that two scalar fields are dynamical. As a result, we show that the spectral index of the curvature perturbations and the tensor-to-scalar ratio of the density perturbations can be compatible with the Planck results. It is also demonstrated that the graceful exit from inflation can be realized.
Introduction
The observations of the Wilkinson Microwave anisotropy probe (WMAP) [1, 2] , the Planck satellite [3, 4] , and the BICEP2 experiment [5, 6, 7] in terms of the anisotropy of the cosmic microwave background (CMB) radiation provide the properties of inflation [8, 9, 10, 11, 12] . There have been proposed inflation driven by the potential of the single scalar field called the inflation field, e.g., new inflation [11, 12] , chaotic inflation [13] , natural inflation [14] , power-law inflation [15] , and Higgs inflation [16] , and that of two (multiple) scalar fields or a complex scalar field with two scalar degrees of freedom, for instance, hybrid inflation [17] (for reviews on inflationary models, see, for example, [18, 19, 20, 21, 22] ).
There also exists the Starobinsky inflation (R 2 inflation) [8, 23] realized by the R 2 term, where R is the scalar curvature. It is known that the Starobinsky inflation is consistent with the Planck analysis. This theory can be regarded as a modified gravity theory including F(R) gravity in which the late-time accelerated expansion of the universe can occur (for reviews on the so-called dark energy problem and modified theories of gravitation, see, e.g., [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] ).
In this paper, we review the main consequences in Ref. [35] . We explore inflationary cosmology in a theory where there exist two scalar fields non-minimally coupling to the scalar curvature and an extra R 2 term. In Ref. [36] , inflation has been considered in a theory consisting of two scalar fields which non-minimally couple to the scalar curvature. The conformally-invariant two-scalarfield theory is studied. To add an additional R 2 term breaks the conformal invariance. Especially, we investigate the slow-roll inflation for the case that one scalar field is dynamical (i.e., the other scalar field is set to be a constant) and that both of two scalar fields are dynamical. We examine the spectral index of the curvature perturbations and the tensor-to-scalar ratio of the density perturbations. The theoretical consequences are compared with the observations of the Planck satellite as well as the BICEP2 experiment. The spectral index and tensor-to-scalar ratio can be consistent with the Planck analysis.
A unification of inflation in the early universe realized by the R 2 term and the late-time accelerated expansion of the universe (namely, the dark energy dominated stage) is an important motivation of the present theory. The R 2 term is considered to be a modification of gravity. One scalar filed can correspond to dark energy and the other scalar can describe dark matter. We use units of k B = c =h = 1 and express the gravitational constant 8πG N by κ 2 ≡ 8π/M Pl 2 with the
Model

Transformation into the canonical form
The action is represented as
Here, φ and u are two scalar fields, g is the determinant of the metric tensor g µν , α( = 0) is a constant, s = ±1, ∇ is the covariant derivative, and J(y) is a function of y ≡ u/φ . The action in 
By taking the gauge Φ+ (s/12) φ 2 − u 2 = 1, the action in Eq. (2.2) is transformed into the canonical form. Namely, the non-minimal coupling of the scalar fields to the scalar curvature is removed. Accordingly, the Einstein-Hilbert term appears and the scale invariance is broken. As a result, the action in Eq. (2.2) is described as
where V (φ , u, J) is a potential for u and φ . It follows from the action in Eq. (2.3) that the gravitational field equation is derived as
Moreover, the equations of motion for φ and u are given by
where 2, 3 dx i 2 with a(t) the scale factor. The Hubble parameter is defined as H ≡ȧ/a. Here, the dot denotes the time derivative. In the flat FLRW background, the gravitational field equations are given by
Furthermore, the equations of motion for φ and u read
Case that the single scalar field is dynamical
We study the case that φ is the inflaton field. If φ ≪ 3Hφ in the equation of motion for φ (2.10) and the kinetic energy (1/2)φ 2 of φ is much smaller than the potential V , the slow-roll inflation happens. In addition, it is assumed that the mass of u is much smaller than the Hubble parameter during inflation, and therefore the value of u does not change at the inflationary stage. Hence, we take u = u 0 (= constant) during inflation and J = J(y 2 ). As the simplest case, we select u 0 = 0 and J = 1. In this case, u is completely decoupled to equations at the inflationary stage. Accordingly, the effective potential of φ becomes
where C is a constant. This representation is available for any function of J = J(y 2 ). The number of e-folds at the inflationary stage is given by 13) with φ f the value of φ at the end time t f of inflation.
In the kinematic approach, the slow-roll parameters are defined by ε ≡ −Ḣ/H 2 , η ≡ ε − H/ 2HḢ (for reviews, see, e.g., [18, 19] ). In the case of the slow-roll inflation, the spectral index n s of the curvature perturbations and the tensor-to-scalar ratio r of the density perturbations are written as [37, 38] n s − 1 = −6ε + 2η and r = 16ε, respectively.
The Planck analysis has shown n s = 0.968 ± 0.006 (68% CL) [3, 4] and r < 0.11 (95% CL) [4] , which are compatible with the WMAP results [1, 2] . The BICEP2 experiment and Keck Array have indicated r < 0.09 (95% CL) [7] .
In this model, for N e = 55, which are large enough to explain the horizon and flatness problems, n s = 0.9603, and s = −1, we have φ ≈ 34.7, x ≡ αC ≈ 2.8 × 10 9 , and consequently acquire r ≈ 0.212.
Case that two scalar fields are dynamical
Next, in the theory whose action is given by Eq. (2.1), we study inflation for the case that both of two scalar fields φ and u are dynamical and they are non-interacting scalar fields [39] . The expressions of the slow-roll parameters and those of the spectral index n s of the curvature perturbations and the tensor-to-scalar ratio r of the density perturbations for the case of the single dynamical scalar field shown in Sec. 2 can be used also for the case of the two dynamical scalar fields [40] .
In the flat FLRW space-time, the system of equations is given by Eqs. (2.8)-(2.11). By assuming the slow-roll conditionsü ≪uH,φ ≪φ H, andφ 2 −u 2 ≪ H 2 , we find the Friedmann equation H 2 = (1/6)V and the equations of motion for φ and u, 3sHφ = V φ and 3sHu = −V u . The number of e-folds is described by
Here, a i and a f are the values of a(t) at the initial time t i and the end time t f of inflation, respectively. Furthermore, φ f and u f are the values of φ and u at the end time t f of inflation, respectively.
The slow-roll parameters ε and η are represented as
with V φ φ ≡ ∂ 2 V /∂ φ 2 and V uu ≡ ∂ 2 V /∂ u 2 . We take J = C and s = −1. If N e = 50 and x = 10 30 , we obtain φ 2 − u 2 = 2593, and eventually we find r ≃ 0.1 and n s = 3.7 × 10 −9 G 4 + 0.9815, where G 4 ≡ u 2 φ 2 . In addition, when N e = 60 and x = 10 25 , we have φ 2 − u 2 = 2317, and finally we get r ≃ 0.11 and n s = 5.0 × 10 −9 G 4 + 0.9793. Thus, n s and r cannot be consistent with the Planck results.
Inflationary cosmology in the Einstein frame
The action in Eq. (2.1) is described in the Jordan frame. We introduce an auxiliary field Φ and execute the conformal transformation of the metric from the Jordan frame to the Einstein frame [41, 42] as g µν = Λḡ µν with Λ ≡ e λ , where λ is a scalar field. Here, the bar means the quantities in the Einstein frame. In this case, we have √ −g = Λ 2 √ −ḡ. In the action in Eq. (2.2), we set Λ Φ + (s/12) φ 2 − u 2 = 1. Accordingly, we acquire
where V (λ , φ , u, J) is the potential for the scalar fields λ , φ , and u. In the following, we will not describe the bar over the quantities and operators in the Einstein frame for simplicity. From the action in Eq. (4.1), the gravitational field equation is found as
Furthermore, the equations of motion for λ , φ , and u become
In the flat FLRW space-time, from Eq. (4.3), the gravitational field equations read
Moreover, from Eqs. (4.4)-(4.6), the equations of motion for λ , φ , and u are given by
where V λ ≡ ∂V /∂ λ We explore the case that the scalar field λ is the inflaton field and other two scalar fields φ and u are taken to be non-zero constants as φ = φ 0 (= constant = 0) and u = u 0 (= constant = 0), where u 0 = ±φ 0 . We set J(y) = C (y − y 0 ) q with q(≥ 2) a constant, where we have J(y 0 ) = 0 and dJ(y 0 )/dy = 0. The effective potential is given by For N e = 60 and ζ = 0.10, we acquire n s = 0.9652 and r = 4.0 × 10 −3 . These are consistent with the Planck results.
Instability of the de Sitter solution
In the case that one scalar field is dynamical in the Einstein frame considered in Sec. 4, we examine the instability of the de Sitter solution to describe inflation and study the graceful exit from inflation.
We take the perturbations of the Hubble parameter during inflation as H = H inf (1 + δ (t)) with |δ (t)| ≪ 1. Here, H inf (> 0) (= constant) is the Hubble parameter at the inflationary stage, and δ (t) shows the perturbations from the de Sitter solution. We consider the case that λ is only dynamical and φ and u are constants. By making the time derivative of Eq. (4.8) with V = V eff , we have
It follows from Eq. (4.9) with V = V eff that the equation of motion for λ is written as
Here, the limit t → 0 is taken because we study inflation in the early universe. For this limit, an approximate solution λ ≈ ln (Ht) for Eq. (5.2) and the quasi de Sitter solution H ≈ 1/ (3t) could be found. Therefore, in this limit, the third term (3/2)λλ in the left-hand side of Eq. (5.1) is much larger than the fourth term proportional only toλ . Thus, the fourth term would be negligible. We express δ (t) as δ (t) = e βt , where β is a constant. If β > 0, the de Sitter solution representing inflation is unstable, and eventually the graceful exit from inflation can be realized and the reheating stage can follow it. Namely, when β is positive, the value of δ (t) becomes large in time. We substitute the representation of perturbations of H = H inf (1 + δ (t)) with δ (t) = e βt into Eq. (5.1) and use the approximate solutions λ ≈ ln (Ht) and H ≈ 1/ (3t). As a result, we acquire 2H inf β 2 + 6H 2 inf β + (81/2) H 3 inf = 0. The solutions of this equation are given by β ± = 3 −1 ± √ 10 H inf /2. Thus, the positive solution of β = β + > 0 is obtained. Consequently, the universe can gracefully exit from inflation.
Summary
We have considered inflation in a theory consisting of two scalar fields which non-minimally couple to the scalar curvature and an extra R 2 term. We have studied the slow-roll inflation in the case that the single scalar field is dynamical and that both of two scalar fields are dynamical. We have investigated the spectral index n s of the curvature perturbations and the tensor-to-scalar ratio r of the density perturbations and compared the theoretical results with the observational ones of the Planck satellite and the BICEP2 experiment. In the Jordan frame, for both of the cases that the single scalar field is dynamical and that two scalar fields are dynamical, when the number of e-folds at the inflationary stage is given by 50 ≤ N e ≤ 60, we obtain n s ≈ 0.96 and r = O(0.1). While, in the Einstein frame, for the case that one scalar field is dynamical, we find n s ≈ 0.96 and r < 0.11, which are compatible with the Planck analysis. Thus, in this theory, inflation with the spectral index and the tensor-to-scalar ratio consistent with the Planck results can be realized. In addition, it has been demonstrated that the de Sitter solution is unstable, and hence the graceful exit from inflation can be realized.
